arXiv:1506.01264vl [math.CA] 3Jun2015 


A LOCAL T(b) THEOREM FOR PERFECT MULTILINEAR 
CALDERON ZYGMUND OPERATORS 


MARIUSZ MIREK AND CHRISTOPH THIELE 


Abstract. We prove a multilinear local T(ft) theorem that differs from previously considered 
multilinear local T(b) theorems in using exclusively general testing functions b as opposed to 
a mix of general testing functions and indicator functions. The main new feature is a set of 
relations between the various testing functions b that to our knowledge has not been observed 
in the literature and is necessitated by our approach. For simplicity we restrict attention to the 
perfect dyadic model. 


1. Introduction 

The theory of T(l) and T(b) theorems was started in the 1980’s papers [5] and (6j as a push to 
develop a general theory of Calderon-Zygmund operators applicable for example in the investiga¬ 
tion of the Cauchy integral on Lipschitz curves. The first local T(b) theorem appears in Christ’s 
paper [J] with applications to analytic capacity. In recent years, the idea of testing that lies be¬ 
hind T(l) and T{b) theorems has become influential in a wider array of topics related to singular 
integrals such as for example sharp weighted estimates. 

The topic of multilinear T(l) theorems was discussed in the companion papers [8],j9j. More 
recently multilinear local T{b) theorems have been studied in [10] . There a certain square function 
is tested with general testing functions b , while the dual operators to the operator in question are 
still tested with characteristic functions 1. A global bilinear T(b) theorem with testing functions b 
throughout appears in ta¬ 
in this paper we propose a multilinear local T(b) theorem which only tests with general testing 
functions b. This level of generality appears to force a set of explicit constraints between the various 
testing functions b, a phenomenon which we did not find discussed in the literature. Clarification of 
the precise nature of these constraints was a motivation for the present paper, as we encountered the 
possibility of such constraints in the similar but more complicated context of entangled operators in 
FT4] . where as of yet we have been unable to clarify the nature of an envisioned local T(b) theorem. 

For simplicity we restrict attention to the perfect Calderon-Zygmund setting discussed in pQ. 
To gain efficiency from symmetry we discuss multilinear forms which are dual to multilinear oper¬ 
ators. A dyadic cube in R d is a cube whose sides are dyadic intervals, that is intervals of the form 
[2 m l, 2 m (l + 1)) with integers m, l. A dyadic test function is a finite linear combination of charac¬ 
teristic functions of dyadic cubes. An n-linear form A mapping n-tuples of dyadic test functions 
to the set of real numbers is called a perfect Calderon-Zygmund form if it satisfies the following 
three conditions: 

(i) Dyadic decay: If each of the dyadic test function /i, ...,/„ is supported on the same dyadic 
cube P, and if in addition two of these functions are supported on different dyadic children 
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of P , where a dyadic child means a dyadic subcube of half of the sidelength, then 

n 

ia(/i ./«)i < n n/jiiw» 

3 =1 

where ( Pj)i<j<n is any Holder tuple of finite exponents, that is 1 < pj < oo and Xo=i 1 /Pj = 
1. This condition is a dyadic version of standard pointwise decay estimates for Calderon- 
Zygmund operators away from the diagonal. 

Perfect smoothness: If one of the functions fj is supported on some dyadic cube P and 
has mean zero, and if another one of the functions vanishes on that cube, then 

A(/i, • • •, f n ) = 0 . 

This condition is a very strong dyadic version of standard decay estimates for derivatives 
of Calderon-Zygmund operators away from the diagonal. 

Qualitative truncation: The integral kernel of the form A is a dyadic test function in 
R dn . This condition is a dyadic version of standard truncation assumptions on Calderon- 
Zygmund operators, which are used to give sense to explicit integral formulas for Calderon- 
Zygmund operators but which do not usually enter a priori bounds for these operators in 
a quantitative way. 

Generally the idea behind a local T(l) or T(b) theorem is that a Holder estimate for an n- linear 
Calderon-Zygmund form can be deduced from validity of the desired estimate for a very restricted 
set of testing tuples of functions. We recall the perfect multilinear local T(l) theorem. 

Theorem 1.3 (Perfect multilinear local T(l) theorem). Let d > 1 and n > 2 and let A be a perfect 
n-linear Calderon-Zygmund form in M. d . Let 1 < pj < oo be a Holder tupe of exponents. Assume 
there is a constant B > 1 such that 

n 

3 =1 

for all dyadic cubes P and all tuples ( fj)i<j< n of functions such that all but one of the functions in 
this tuple are the characteristic function of P while the remaining function is an arbitrary dyadic 
test function supported on P. 

Then for some constant C depending on d, n, B, and the tuple ( Pj)i<j<n, we have 

n 

iA(/i,..,/»)i<cnn/iii w 

3 =1 

for all n-tuples of dyadic test functions (fj)i<j< n - 

This theorem has been folklore in the field for some time, a continuous version of a multilinear 
T(l) theorem appears in [5] , and a proof of Theorem 11.31 can deduced from a similar theorem in 

PS- 

A T(b) theorem is a variant of the T(l) theorem, where the characteristic functions of a cube P 
are replaced by more general functions b which also have mean one on the cube P. In the present 
paper we illustrate a multilinear local T{b ) theorem with a natural set of interdependencies between 
the various functions b. To describe these interdependencies we need some formal setup. 

Let I n denote the set of integers m with 1 < m < n. A path in I n of length k with 1 < k < n 
is an injective mapping cr 

We say that a collection S of paths in I n is admissible if it satisfies the following conditions: 

(1) For each j £ I n there is a path a £ £ of length one with cr(l) = j. 


( 1 . 1 ) 

(ii) 
( 1 . 2 ) 

(iii) 
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(2) For each path a £ E of any length k < n there is a path a £ E of length k + 1 whose 
restriction to Ik coincides with a. 

(3) For each path er £ E of any length k > 2 there is a path t £ S of the same length k which 
coincides with a on the set Ik -2 and satisfies o(k — 1) = r(k) and r(fc — 1) = a(k). 

After stating Theorem II .dl below we give a fairly minimal example of an admissible collection. 
Let o be a path of length k < n. We say that an n-tuple Q of dyadic cubes is u-nested if for all 
1 < * < J < ^ we have 

Qcr(i) Qa{j) 

and whenever s £ I n is not in the range of o we have 

Qs Qcr(k) i 

in the case k = n we additionally require that Q a (n- 1 ) = Qa(n)- 
We now state the main new theorem in this paper. 

Theorem 1.4 (Perfect multilinear local T(b) theorem). Let k> 1 and n > min(fc, 2) be integers. 
Let A be an n-linear form acting on n-tuples of dyadic test functions on the real line and being 
associated with a perfect Calder on-Zygmund kernel. Let ( Pj)i<j<n be a Holder-tuple of exponents. 

Assume we are given an admissible collection S of paths and assume for each path a £ E of 
length k and each a-nested tuple Q of dyadic cubes, and each j £ a(Ik-i) we are given a function 
b a .Q,j, so that for some constant B > 1 the following properties are satisfied: 

Support condition: 

(1.5) supp(6 0 - ! Qj) Q Qj- 
Mean condition 

( 1 . 6 ) 

Norm bound condition: 

( 1 - 7 ) j \ba.Q,r <B\Q 3 \. 

Interdependence condition: If o', Q' and 1 < j < k are such that we have for all 1 < l < j 
o(l) = o'{l) and Q(l) = Q'{1), then we have 

(1-8) 5o\ Q.j = ba',Q',j- 

Testing condition: For all dyadic test functions g supported on Q a (k) we have 

n 

( 1 - 9 ) |A(/ 1 ,...,/ n )|<Bnil/#Hw« 

i=i 

where f^ k) = g and f a ^ = ^Q aW b a ,Q,a(i) for l < k and f s = 1 Q a{k) for s which is not in the 
range of o. 

Then for some constant C depending on n, d, the constant B, and the Holder tuple (pj)i<j<n, 
we have 

n 

(i-io) iA(/ 1 ,...,/„)i<cnii/iii w 

1=1 

for any n-tuple ( fj)i<j<n of dyadic test functions. 
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Note that the case k = 1 of the local T(b) theorem is the same as the local T( 1) theorem. The 
strength of the theorem strictly increases in fc, as one can deduce the theorem for lower values of 
k by specializing some functions to characteristic functions. The case k = n is the one of 

main interest. We choose to introduce the parameter k so as to induct on it. 

As an example of an admissible collection of paths, consider the collection of all paths that 
satisfy the following two properties: 

(i) The range of a path of length k contains Ik-i- 

(h) If j < k , then Ij contains at least j — 1 elements of the image of Ij under the path. 

To see that this collection is admissible, first note that the collection contains all paths of length 
one since conditions (i) and (ii) are void for paths of length one. Hence the collection satisfies (1). 
Let a be a path of length k < n in the collection. Set a the path extending a by <r{k + 1) being 
the minimal element not in the range of a. Then a satisfies (i) since the range of a contains Ik -i 
and if the range of a does not already contain Ik then cr(fc + 1) = k. To see that a satisfies (ii), 
it suffices to check for j = k + 1. But Ik+i contains at least k elements of the range of er since Ik 
contains at least k — 1 elements and <r(fc+l) is at most fc + 1. Hence a satisfies (i) and (ii) and thus 
the collections satisfies (2). Now let a be a path in the collection, and let r be the path described 
in (3). We need to show that r is in the collection. Property (i) is clear since the range of a equals 
that of r. Property (ii) is only nontrivial for j = k — 1. The property is clear by monotonicity if 
r(fc — 1) is in Ik- 1 - If r{k — 1) is not in Ik- 1 , then cr(fc) is not in Ik -1 and by (i) we have that the 
range of Ik- 1 under a is Ik- 1 - This implies (ii) for r. 

Another special case of our main theorem arises by choosing n appropriate functions ( bj)i<j< n 
and letting b a . q.j. be suitably normalized restrictions of these functions, that is with j = <j{k ), 

ba,Q,a(k) = 5j'1<2 3 ) 

where we have used the following notation for an average: 

[g] P :=| Ft 1 J p9 - 

We then obtain as straightforward corollary of the local theorem, following the global/local reduc¬ 
tion outlined in pQ: 

Theorem 1.11 (Perfect multilinear global T(b) theorem). Let d > 1 and n > 2 and let A be an 
n-linear form acting on n-tuples of dyadic test functions on associated with a perfect Calderon- 
Zygmund kernel. Let ( Pj)i<j< n be a Holder-tuple of exponents and assume we are given functions 
( bj)i<j< n with the following properties: 

Pseudo- accretivity condition: For all dyadic cubes Q 

( 1 - 12 ) \lbjhl > 1 . 

Norm bound condition: 

(1.13) INloo <B. 

Weak boundedness condition: For all dyadic cubes Q 

(1.14) |A(Mq,...,Mq)|<B. 

BMO condition: For any k and any dyadic test function g 

(1-15) |A(. ..,£,...)| < B\\g\\ Hl , 

where the j-th entry in the form is bj for j ^ k and g for j = k, and 11.g11TTi is the norm of the 
dyadic Hardy space (pre-dual of dyadic BMO). Then for some constant C depending on n, d, the 
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constant B, and the Holder tuple ( Pj)i<j<n we have 

n 

0 =1 

for any n-tuple (fj)i<j< n of dyadic test functions. 

A bilinear continuous version of this theorem appears in m- Theorem 11.41 arose from our 
efforts to adapt the techniques of [lj and subsequent papers to the multilinear setting, setting up 
an induction on the number of functions b that are not characteristic functions. In order to induct, 
we also refined the technique in [1] so as to use only multilinear estimates with one fixed set of 
Holder tuples. Our approach might give the reader new insights into the proof of the local T(b) 
theorem for dyadic model operators in the linear case as well. We attempted to keep a maximal 
degree of symmetry in the argument between dual versions of the same argument. 

We outline briefly the aspect of precise exponents in the norm bounds on the testing 

functions. In the earliest local T(b) theorem, [¥[, Christ assumed that bg, bg, Tbg, T*b 2 g G L°° 
uniformly with respect to Q. In p~6] Nazarov, Treil and Volberg proved, in a non-doubling mea¬ 
sure setup, that it suffices to assume bg, bg G L°° and Tbg, T*bg G BMO uniformly in Q. Auscher, 
Hofmann, Muscalu, Tao and Thiele [T] for dyadic model operators relaxed these conditions assum¬ 
ing only bg 6 L v , bg 6 L q , Tbg G L q and T*6 q G L p for any p 1 q G (l,oo) where the different 
norms are appropriately scaled relative to \Q\, see also [la¬ 
in 2008 Hofmann during his plenary lectures at the International Conference on Harmonic 
Analysis and P.D.E. in El Escorial formulated the question whether these testing conditions for the 
model dyadic case also suffice for genuine singular integral operators. The question was motivated 
by possible applications to layer potentials and to free boundary theory. Hofmann himself proved 
that it suffices to assume bg,bg G L 2+e and Tbg,T*bg G L 2 for some e > 0. Auscher and Yang 
[3] eliminated e > 0 from Hofmann’s theorem by reducing the matters to the dyadic case from 
PQ. In fact they covered the sub-duality case 1/p + 1/q < 1. Auscher and Routin [2j covered the 
super-duality case 1/p+l/q > 1 under some technical assumption rather difficult to verify. Finally, 
Hytonen and Nazarov m provided the positive answer to Hofmann’s question. 

We comment one specific aspect of our proof: certain relatively standard estimates near the end 
of the proof are accomplished using the outer measure language from [7,. We found this language 
very useful here and hope the investment into understanding the novel language will pay off in 
related questions of this kind, as it has been done in the present case. 

A natural question which deserves for further investigation concerns the extensions of our the¬ 
orem to standard Calderon-Zygmund operators. 

2. Proof of the perfect multilinear local T{b) theorem 

2.1. General setup. We prove Theorem ll.4l bv induction on k. For k = 1 the theorem specializes 
to Theorem [Q1 and this establishes the induction beginning. Let k > 1 and assume that the 
statement of Theorem II.41 is true for this particular k. We then have to prove the theorem with k 
replaced by k + 1 . 

Assume we are given n > k + 2 and an n-linear perfect Calderon-Zygmund form A and an 
admissible collection E of paths in I n . For every admissible path a of length k + 1 and every 
cr-nested tuple Q and every i < k we are given b a Q, a (i) satisfying the assumptions in Theorem ll.4l 
For each admissible path a of length k and each cr-nested tuple Q and each j < k we define 

•— fr<T,Q,cr(j)j 

where a is any admissible path of length k +1 extending the path a. Note that such a path exists 
by the definition of admissibility, that Q is also cr-nested, and that the function on the right-hand 
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side does not depend on the particular choice of the extended path cr by the interdependence 
assumption (11.811 . If k + 1 = n, then Q satisfies the requirement Q a (n- 1 ) = Qa(n)- 

Then clearly this new set of testing functions satisfies the support assumption m, the mean 
assumption (USD , the norm bound assumption m, and the interdependence assumption (11.81) of 
Theorem O for k. The main part of the proof is to establish the testing condition m for this 
collection ba.Q.j for some possibly new constant B depending only on n, d , the given constant B , 
and the tuple (pj)i<j< n - Then boundedness of A follows by the induction hypothesis. 

Let A be the best constant in the inequality 


(2-1) \A(f 1 ,...J n )\<Al[\\f J \\ Pj 

3 = 1 

for any admissible path d of length k, any d-nested tuple Q, and any dyadic test function fa(k), 
where fa(j) = whenever j < k , and where f s = 1 Q- (fc) for any s which is not in the 

range of d. 

By the truncation assumption on the form A, the constant A is finite. We will show that A 
can be estimated by a constant depending only on n, d , B , and the tuple ( Pj)i<j<n, which will 
establish the testing assumption (11.91) for the collection ba, qj- Then the induction hypothesis will 
do the job and Theorem ll.4l is established for k + 1. 

Let d be an admissible path of length k and Q a d-nested tuple and fa(k) a dyadic test function 
such that equality in (12.11) is attained for this data. Since A has finite rank, such extremal point 
exists. Indeed, the extremal function fa(k) can be chosen to be a dyadic test function. 

Let (7 be an admissible extension of d of length k+ 1. So far the entire setup is symmetric under 
permutation of the numbers 1,..., n, so to simplify notation by symmetry we may assume cr is the 
path 

°ti) = J 

for j < k and 

cr(fc) = k + 1, cr(fc + 1) = k. 

We shall also need the path r of length k + 1 which interchanges the last two steps of cr, that is 
the identity embedding t(J) = j for j < k + 1. Note that q j coincides with & r ,Q,j for j < k by 
the interdependence assumption oi). Note also that Qk = Qk+i- We set Q := Qk = Qk+i- 
For a dyadic cube P define with f a (j) = ^Qba.Q.a(j) whenever j < k, and f s = 1 q for any s 
which is not in the range of cr: 

A p{g, g) '■= A(/ilp,..., fk-itp, gtp, gt P , / fc+2 lp,..., /„lp), 

that is the fc-th and fc+l-st entry are pip and pip respectively, while the j- th entry with j ^ fc, k+1 
is fj 1 p. Then we have 

n 

(2-2) |A Q (/ fe ,/ fc+1 )|=^nil/,IU 

7 = 1 

with fk = 1q and with fk+i the chosen extremizing function. 

2.2. The first stopping time. We consider the setup of the previous section, in particular the 
paths cr, t and the tuple Q have these specific meanings, as well as the chosen functions fj. We 
introduce the abbreviations 

9 '■= fk+ i, h := fk, 


q :=Pk+ 1 , r := p k ■ 
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We also abbreviate the particular testing function by u. We continue to write [p]p for the 

average of a function g over a cube P, and we write gp for the truncated function gtp. We define 

F = U \\fi\\p s = n \\fM\pr 

j^k,k +1 j^k,k +1 

Finally, we choose e > 0 small enough so that 

£ = (1/8) min (7/8) Pj/(w_1) P" 1/fe_1) . 

l<j<n 

We define a stopping time inside Q, that is a collection of pairwise disjoint cubes contained in 
Q which have good properties relative to the functions fj, the form A, and the testing functions. 

Let Pi be the collection of maximal dyadic cubes P contained in Q for which there exists a 
1 < j < n with 

(2-3) |P|- 1 ||/ J lp||g>n£- 1 |0|- 1 ||/ j ||g. 

Let P 2 be the collection of maximal dyadic cubes P contained in Q which satisfy 

( 2 . 4 ) |pr i iiup^>£- i iQr i iiu||^. 

Let P3 be the collection of maximal dyadic cubes P contained in Q for which there exists a nonzero 
function g supported on P with mean zero such that 

(2-5) |Ap(g, u)\ > BFe-\\P\/\Q\Y-^ MrMq . 

Let P4 be the collection of maximal dyadic cubes P contained in Q which satisfy 
(2-6) \[u] P \ < 1/8. 

Let P5 be the collection of maximal dyadic cubes P contained in Q which are contained in at least 
2 d s~ 1 many dyadic cubes which are parents of cubes in P4. Let P be the collection of maximal 
dyadic cubes in P x U P 2 U P 3 U P4 U P 5 . 

We claim that 


(2.7) 


E 1^1 < (i-e)|Q|- 

PeP 


To verify the claim, we discuss the sets Pi through P 5 separately. The collection P x consists of 
pairwise disjoint cubes and satisfies 

n 

E \p\<^\q\ e En^' lp iiwii^iiw w - e i Q i- 

PePi PePi j =1 


The collection P 2 is estimated similarly. To estimate P 3 , consider for each P £ P 3 a function gp 
supported on P with mean zero satisfying | pp11/ = |P| and inequality (12.51) without the absolute 
value on the left-hand side. Then we have with the testing assumption (11.91) for a, Q, k: 


E PPe" 1 |P||Qr 1+1/r ||u 

Pe p 3 


< E Ap(pp, u) < 

PG Pa 


A, 


’( E e p ' u ) 

Pe p 3 


< BF [j E Bp 
Pe p 3 


u\\ q <BF\Q\ x / r \\u\\ q . 


E \ p \< £ \Q\- 

Pe p 3 


Hence 
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To estimate the collection P4, set E = Q \ Upgp 4 P- Then 

MINIMI, > I / «| = \Q\ - E l p HMH > IQI - E (V 8 )l p l ^ ( 7 /s)IO|- 

JE D^-T5 D f— TD . 


P6P4 


PeP 4 


This implies 


\ E \i-i/ qB i/ q > (7/8)|Q| 1-1 / 9 , 

\E\ > (7/8)«/( <J - 1 ) J B- 1 /( «- 1 ) |Q|, 


which in turn implies 


Finally, we have the estimate 


E l P l < (l-8er)|Q|. 
PeP 4 


E l p l <(2~ d e) E * d \P\<e\Q\. 

Pe p 5 PeP 4 


Adding the contributions from Pi through P 5 proves the claim. 

We call the cubes in Pi U... U P 5 the stopping cubes. We note that if P is not contained in any 
child or grandchild of a stopping cube, then we have the following upper bounds with a constant 
C depending only on d, n, B , 

(2.8) | p |- 1 ||/ J 'lp||g<C'|Q|- 1 ||/il|g, 


(2.9) l p r 1 ||wp||? < ClQl^WuWl < C, 

and 

(2.10) |Ap( ftU )|<C(|P|/|Q|) 1 - 1 /le||,.|| U || 9 1] m\ Pj 

j^k,k -\-1 

for any function g supported on P and with mean zero. For the cubes P not contained in any 
stopping cube this is clear by the construction. For the stopping cubes themselves or their children 
this follows by observing the estimate for the parent or grandparent of the cube and deducing the 
estimate with a modified constant for the cube itself. Such passage to the stopping cubes applies 
only for the upper bounds listed above, the threshold (12.61) leads to the lower bound 

(2.11) |Mp|>1/8 

only for all cubes not contained in a stopping cube of type P4. It does not yield analoguous lower 
bounds for the stopping cubes in P4 themselves. This is the reason for introducing the collection 
P5 and the special arguments concerning P4 below. 


2.3. Pruning the function g. In this section we replace the function g with a modified function 
g which is adapted to the first stopping time. 

Let P4 be the collection of parents of dyadic cubes in P fl P4 and let P4 be the collection of 
dyadic cubes which are siblings of cubes in P fl P4 but not themselves cubes in P D P4. 

Define 


( 2 . 12 ) Q = g - [g] Q u - E 9P + E 

PeP\p 4 PeP\p 4 


[ah 


Mp 


Up 


E 

PePnP 4 


gp 


E 

Pe p 4 


[ah 


Mp 


Up 


E 


Pe Pi 


W 

Mp 


Up 


and note that g is still supported on Q and [g]g = 0 and ||g||^ < C|Ml!r 
We claim that the desired bound for A in m follows from 

(2-13) |A Q (h,g- g)| < (A(l - e) 1 / pk + C)F\\g\\ q \\h\\ r 
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and 

(2.14) |Aq(/i, fl)| < CF||<ji|| ? ||/i|| r . 

Here and in the sequel C denotes a constant which depends only on B, n, d , and the tuple 
( Pj)i<j<n, but may vary from line to line. Indeed, to verify the claim, it suffices now to expand in 
identity (12.21) the function g into g plus correction term and make use of (12.131) and (I2.1dl) . Then 
dividing both sides by the product of norms we obtain 

A < Ail - e) 1 / pk + C. 

Solving A from this inequality the desired bound for A is established and the matters are reduced 
to proving (12.131) and (12.141) . 

We begin with the bound in (12.131) and estimate separately the contributions of the various 
terms of the difference g — g. For this purpose for each P G P we add and subtract to g — g a new 
term involving the function b a ,Q Pt k+i associated with the permutation a and the chain Qp given 

by 

Qi A Q 2 ... D Q k _ x 3PD...DP, 

that is the chain Qp coincides with Q up to entry k — 1 and then stabilizes to P. Therefore, we 


obtain 


(2.15) 

9~a = [ghu +'52(gp- [g]pb*,Qp,k+i) 

PGP 

(2.16) 

+ E ([3]pVQe,fe+l r | Up ) 
pgp\p 4 P 

(2.17) 

+ E - E ypw + E 

pgpcPj p e p 4 ^ * p pgp 4 ^ * p 


We have by multilinearity and the testing assumption m 


|A Q (h, [g} Q u)\ < CF[g] Q \\u\\ q \\h\\ r < CF\\g\\ q \\h\\ r . 

In the second inequality we have estimated the mean of g by Holder’s inequality and the norm of 
u by the norm bound assumption m- This establishes the desired estimate for the first term of 
(12.151) in the expansion of g — g. 

Next we consider the sum in (12.151) involving the stopping cubes from P. We calculate with 
multilinearity and the smoothness condition (11.21) 

E (9p ~ MAqp.Hi)) = E [g\pba,Q P ,k+i) 

pgp pgp 

(2-18) = E A p(h,g) — E Ap(h, [g]pb<T,Q P ,fc+i). 

PGP PGP 

For the first summand in (12.181) we use estimate (12.11) with A for the data r, Qp and obtain by 
Holder’s inequality 

n n 1 / 

E imm)i <ae n<An (E ii/jMw) w 

PGP PGPj= 1 i=i PGP 

<AF(El^l) 1 /r |MI^^(i-s) 1 /r IMIJ%. 

PGP 
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Here we have used that h = 1 q and that J^Pe p Nl < (1 — e)|Q|. The second term in (12.1811 we 
estimate by the testing assumption (11.91) with the data a, Qp and obtain 

E \A-p(h,[g]pb a ,Q P ,k+i)\ < C y |Np|IN,Qp,fc+l|UIM|r JJ Wfj^pWpj 

PeP PeP jjtk,k +1 

< C y \\gp\\ q \\hp\\ r n \\f 3 tp\\ Pj < CF\\g\\ q \\h\\ r . 

PGP j^k,k+l 

We have used the upper bounds (12.81) including the cases fk+i = g and fk = h. 

We now consider the sum in (12.161) . We use a vanishing mean again to write 

Aq(\ E [g]pba,Q P ,k+i — 0~ m p) 

PeP\P 4 M P 


(2.19) = y Ap(h, [g]pb a ,Q P ,k+i) - y A 

PeP\p 4 pgp\p 4 ^ ' p 

The first term in (12.191) is estimated similarly as before. To estimate the second term in (12.191) 
we add and subtract a term, involving the function 6 T ,Q Pj fe associated with the path r and the 
chain Qp as above, so that we obtain for that term 


(2.20) y Ap([/i]pfr T ,Q P ,fc, TT~ U ) + y Ap^/i - [h]pb Tt Q Pi k, T~T“ U )' 

psp\p 4 ^ ^ p pgp\p 4 ^ ' p 

The first term in (12.201) is estimated by the testing assumption (11.91) with the data r, Qp by 

[h)p[g\p 


c E 

PS p\p 4 


Np 


IN.QpNMMI, n MApWp, < CF\\g\U 

j^k,k -\-1 


Here we have used similarly as above the upper bounds (12.81) and (12.91) and (12.111) . and that the 
cubes in P \ P 4 are not contained in any of the cubes P 4 and thus satisfy ( 12 . 111 ) . We also used 
m for & T ,Qp,fc and m - 

The second term in (12.201) we estimate with (12.101) by 


CF y {\P\/\Q\) l ~^ 
pgp\p 4 


[gh 


[up 


\\hp-[h)pb T , Qp> k\\ r \\u\\ q <CF\\ g \\ q 


The terms of the expansion (12.171) of g — g involving P 4 are similar but slightly more involved 
since the lower bound on the average of 6 CT ,Q,fc+i is not available and one has to therefore work 
with parent and sibling cubes. Let P denote the parent cube of a dyadic cube P. Then we rewrite 
(12.171) as X)pgp 4 j where for each P £ P 4 the function £ p is defined as 

— Up/ + y [<7]p'&cr,Qp,,fc+l- 

P' _ 

P'ePnP 4 :P'=p 

Exactly P and the children of P contribute to £ p . Note that at least one child of P is in P D P 4 . 
The mean of £ p is zero. Hence we can write with the smoothness condition 

y Aq(/i,£ p )= y Ap(/i,£ p ). 

pep,1 PeP 4 


( 2 . 21 ) 


[ g]p 

Np 


Up 


E 


P'ePi:P'=P 


M 

M 
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Expanding £ p again into three terms as in (12.2111 and considering the terms separately, we obtain 
in analogy to (12.191) 

(2.22) E Ap(/i,[ff]_p& CTi Qp, fc+ i) - e Ap(/i, j ^r~ u ) + E ^p( h, ^r u ) 

pc php 4 p £ p 4 ^ Jp PeP 4 ^ Jp 

To estimate the first term in (12.221) , we write for each 1 < j < n 

fAp = fjtp+ E jap' 

P'^P,P7=P 

and expand the multilinear form correspondingly. Any term in the expansion which has a f :l 1 pi 
for some j can be estimated by the decay condition m so that we obtain for the penultimate 
display the upper bound 


E 

Pe PnP 4 


Ap(d, [g]pb a ,Q P ,k+i) 


c e n»/A 

PeP 4 j=i 


pnpi 


<CF\\g\\ q 


Here we have estimated the first term as for the cubes P \ P 4 and we have applied stopping 
conditions as before. 

The second and third terms in (12.221) are estimated similarly to the case of cubes in P \P 4 . The 
cubes in P 4 are not pairwise disjoint, but they have bounded overlap since they are not contained 
in any cube of P 5 by construction. Similarly the cubes in P 4 have bounded overlap. This completes 
the proof of (12.131) . The proof of Theorem II.dl will be completed if we establish (12.141) . 


2.4. The second stopping time and pruning the function h. Now let A! be the best constant 
so that for all dyadic cubes R C Q we have the estimate 

(2.23) |A«(M - MrMrMI < A'F\R\\Q\- l \\g\\ q \\h\\ r . 

The constant A! is again finite since A satisfies the truncation assumption. We will show that A' 
can be estimated from above by a constant C depending only on n, d, B , and ( Pj)i<j< n ■ This will 
establish (12.141) by setting R = Q since [q]q =0. 

Fix a dyadic cube R such that equality in (12.231) is attained. Again such a cube R exists since A 
satisfies the truncation assumption. We may assume that R is not contained in any stopping cube of 
the first stopping time since for such cubes ( 0 — = 0. We set 0 := ( 0 — [ 0 ]r[mEm) 1 r. 

Consider the functions 6 Tj q r j where Q r is the chain 

QiAQ 2 D...D Q k _ ± D R D ... D R. 

For the simplicity we shall write v for 6r,Q R ,fc- 

We invoke a second stopping time. Let Si be the collection of maximal dyadic cubes S contained 
in R for which there exists 1 < j < n with 

(2-24) |5|- 1 ||/ i l5||^ >ne- 1 | J R|- 1 ||/ i lR||g. 

or 

(2-25) | < S|- 1 || 0 S ||^> £ - 1 | J R|- 1 || 0 fl ||«. 

Let S 2 be the collection of maximal dyadic cubes S contained in R which satisfy 
(2.26) |5|- 1 ||us||;>2 £ - 1 |i?r 1 ||u||; 

or 


( 2 . 27 ) 


|5|- 1 ||u s ||^>2 £ - 1 |i?|- 1 |K||^ 
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Let S 3 be the collection of maximal dyadic cubes S contained in R for which there exists a nonzero 
function g supported on S with mean zero such that 

(2.28) \A s (v,g)\>Bs-\\S\/\R\y-^\\g\\ q \\v\\r II II/* 1 * II*. 

ji£k,k +1 

or there exists a nonzero function g supported on S with mean zero such that 

(2.29) |As(e,«)| > Sc" 1 (|5|/|i?|) 1 - 1/r ||p||r||uR|| (? II \\fjt R \\ Pr 

j^£k,k-\-l 

Let S 4 be the collection of maximal dyadic cubes S contained in R which satisfy 

(2.30) | [u]s| < 1/8. 

Let S 5 be the collection of maximal dyadic cubes S contained in R which are contained in at least 
2 d e~ 1 many dyadic cubes which are parents of cubes in S 4 . Let S be the collection of maximal 
dyadic cubes in Si U S 2 U S 3 U S 4 U S 5 . 

Then we have similarly as for the first stopping time 

(2.31) £|S|<(l-e)|iZ|. 

ses 

Also we obtain the following upper in analogy to the first stopping time. If S is not contained 
in any child of a stopping cube, then we have the following upper bounds for 1 < j < n with a 
constant C depending only on d, n, B , 

(2.32) isrHfMH < cw-'w/jIrw* < cior i n/,iig. 

In the latter inequality we have used (12.811 and the fact that R is not contained in any stopping 
cube of the first stopping time. We also have 

(2-33) ISrlgsll? < C'| J R|- 1 || 0fi ||^ < C\Q\-'\\g\\l. 

Here the last inequality follows by estimating the various terms in the expansion of g. Indeed, we 
have 

hnWl^mQ^Ml 

since R is not contained in any stopping cube P of the first stopping time. We also have for the 
same reason 

\\{g} Q u R r q <c\R\\Q\- l \ 

Next we have 


II?. 


P6P\P 4 


^iiQryi? 


by disjointness of the cubes P £ P and by the upper bounds from (12.81) . Similarly 


E 

Pe p\p 


Mp 

Mp 


Up 11 Ji 


<ii?iiQr 1 ii3ii?. 


Similarly we estimate the terms corresponding with the stopping cubes P £ P 4 DP. For the cubes 
from P 4 and P 4 we use their bounded overlapping. We further obtain the upper bounds 

(2.34) |5|- 1 ||u s ||;<qi?r 1 M||; 

and 

(2-35) |S|- 1 ||u s ||? < CIRI^WurWI < ClQr'M, 

and 

(2.36) |A s (u, e)| < 
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and 

(2.37) |As(g,u)| < C'F(|5|/|Q|) 1 - 1 //r ||£i|| r .||u|| g 

for any function g supported on S and with mean zero. 

Let S 4 be the collection of parents of dyadic cubes in S D S 4 and let S 4 be the collection of 
dyadic cubes which are siblings of cubes in S (~l S 4 but not themselves cubes in S n S 4 . Dehne 

(2.38) (, = /.*-[/.]*»- £ hs+ £ £ hs + £ - £ hjv 

and note that 1) is supported on R and [fj]# = 0. As in the first stopping time, the desired bound 
for A' follows from 

(2.39) |A**(ft — f),g)| < (A’(l-e) + C)F\R\\Q\- 1 \\g\\ q \\h\\ r 
and 

(2.40) |A fl (h, 0 )|<C'F|i?||Q|- 1 ||.g|| g ||h|| r . 

where C may depend on B , n, d , and the tuple ( Pj)i<j< n ■ Arguing similarly as in the proof 
of (12.131) one obtains (12.391) . In what follows we repeat this argument with the necessary minor 
changes. 

To obtain the bound in (12.391) we estimate separately the contributions of the various terms of 
the difference ft# — P). For doing so, for each S € S we add and subtract to h,R — f) a new term 
involving the function & r ,Q Sj fc associated with the permutation r and the chain Q s given by 

Qi 2 < 9 2 • • • 2 Qk-i 2SD...DS, 

that is the chain Qs coincides with Qr up to entry k — 1 and then stabilizes to S. Then we obtain 

(2.41) Hr — P) = [h\ R v + ^2{hs - [h]sb T ,Q s ,k) 

Se s 

(2-42) + ^2 ( [h]sb T ,Q s ,k - 

ses\s 4 ' V ‘ s 


(2.43) 


+ [ h )s b T,Qs,k 

sesns 4 


\ ' [ft]g \ ' [h]s 
^ Hs WS + ^ r,ii« s ' 


ses 4 


se s 


, r I 

, Hs 


We have by multilinearity and the testing assumption m 

|A«([ft]fl«,fl)| < CF(|A|/|Q|) 1 - 1 / «- 1 /l 0 *|UM| r < CF\R\\Q\-'\\g\\ q \\h\\ r , 

where we have used (|2.32D . (12.331) . norm bound condition (11.71) for v and ||ft|| r = \Q\ 1 ' r . 

Next we consider the sum from (12.411) involving the stopping cubes in S and we write with the 
smoothness condition 

A ~ [h]sb T ,Qs,fc>£>) 

se s 


(2-44) = 5Z As(ft-[ft]s6 T ,Q Si fc,g) + ^ As(ft - [h]sb T ,Qs,k,Q), 

ses ses 

where Y' denotes summation restricted to the cubes which are contained in cubes of the first 
stopping time and Y" denotes summation restricted to the cubes which are not contained in any 
cube of the first stopping time. 
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Let us handle the first summand of (12.4411 and note if S C P for some P £ P then there exists 
(ps such that gs = (psus with the additional provision that <ps — 0 if us = 0. Indeed, if S is 
contained in a stopping cube P of the first stopping time, then those terms in (12.121) which are not 
multiple of u cancel and we have in case P G P \ P 4 


(2.45) 


M < |[s]q| + 


M p 

Mp 


E 

PePiUP^scp' 



< CIQ]- 1 ^ 


Similarly if P <E P n P 4 


(2.46) 


M<l[»]fll+ E 

P'ePj:SCP' 


[d\p' 

\u\p' 


< C\Q\~ l,q 


Q’ 


Q’ 


To estimate the first sum in (|2.44[) we use (|2.37[) to conclude that 

E' |A s(h - [h] s br,Qs,k, V>s«)l < CFWgW^dSimy-^Whs - [ft]s&T, Qs , fc ||r 
se s ses 


<C^|I?||Q|- 1 || 5 || 9 ||/ i || r . 

To handle the second summand in (|2.44p observe that 

2 ^ As(h-[h\ s b T ' QS ' k ,Q) 
ses 


(2.47) 


= 2^ A s(h,g- [fl]sNs u) 

ses 


(2.48) 


-1 

_ E A s([h]sb T ,cis,k ,9 - [fl]sN s u) 
ses 


(2-49) + E A s (/i- [/i] s fer.Q s ,fc, (felsHs 1 - MpMu 1 )")- 

ses 

We use estimate (12.231) with A' and obtain for (12.471) that 

22" I As (ft, 0 ~ MsMsMI < A'F|Q|- 1 || 5 || g ||/ l || r 22 \S\ < (1 - e)A'F\R\\Q\- 1 \\g\\ q \\h\\ r . 
ses ses 

Here we have used that s 1^1 < (1 — e)|-R|. In view of testing condition (11.91) with data r, Q 5 
we see that 

E \ A s(br,Qs,k,9- [fl]sNs X w)| < C'-P’||ft||rE (I^I/IQD^^IISS “ 

ses ses 

< CF||g|| g ||/i|| r |Qr 1 22 \S\ < CF| J R.||Q|- 1 || 5 || 9 ||h|| r 

ses 

since S is not contained in any cube of the first stopping time and ||gs — [ 0 ]s[u]g 1 us || 9 < 
(\S\/\Q\) 1/q \\g\\ q - This gives the desired bound for (I2.48[) . To estimate (12.491) observe that 

MsMs 1 - MrMr\ < c(|[ 0 ]s| + Mr\) < \Q\- 1/q h\\ q - 

Therefore, with the aid of (12.371) we obtain 

\Qr 1/q \\9\\ q T!'\ A s( h ~{ h }sbr,Qs,k,u)\ 

se s 
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< CFWgW^'^l/m^Whs - Ws&r,Q Sl fc||r < CF\R\\Q\~ l \\g ||,||ft|| r . 

S GS 

We now consider (12.42[) and note that by smoothness condition (11.21) we have 

E Aii([/i]s& r ,Q s ,fc - j-ptts, 0 ) 

ses\s 4 

( 2 - 50 ) ( E + E ) A s([h]sbr,Qs,k - 14^, fj)- 

ses\s 4 ses\s 4 ^ 

For the first sum in (12.501) . in view of (12.371) . we obtain the desired bound, since 

E A s([h]sb T ,Qs,k - rrWfl) = E ^PS^s{[h]sbr,Q s ,k -J^-V,uj 
ses\s 4 ses\s 4 ' v ' s 

and |(/?s| < |Q| _ 1 / 9 ||g|| g . To estimate the second sum in (12.501) we have to proceed in a similar way 
as for the second sum from (12.441) . Namely, we write 

E ^s[[h]sbr,Q s ,k - j-pV,£|) 

ses\s 4 

(2-51) = y WsAs^Qs.fc.fl-MsMs^) 

ses\s 4 

(2-52) -E" 

ses\s 4 ^ Js 


(2-53) +y ^s([h}sbr,Q Sl k ~ ppMMsMg 1 - 

s es\s 4 ^ J 5 

The sum in (12.511) can be estimated by the testing condition (11.91) with the data r, Q 5 . The sum in 
(12.521) can be estimated in view of (12.361) since (g — [0]s[u] gujls has mean zero. Arguing similarly 
as in the proof of (12.491) we can estimate the sum in (12.531) . 

Finally, it remains to bound (12.43[) which can be written as YseSi where for each S £ S 4 
the function is defined as 


(2.54) 


[h]i 


»s 


-VS 


[hh 


-VS' 


s'es'-.s’=s 


E_ 

S'esns 4 :S'=s 


[ h] S ’b T , 


Qgr/ ,fc * 


Exactly S and the children of S contribute to £ s . Note that at least one child of S is in S D S 4 . 
The mean of is zero. Hence we can write with the smoothness condition OD 


E = E A s(^,C). 

se s 4 ses 4 

Expanding again into three terms as in (12.541) and considering the terms separately, we obtain 

(2.55) E A -MsKQs,k,S) - E 0 ) + E 

sesns 4 se s 4 1 J6 ses' 1 J6 

Similarly as above we have to split the sums into Y' and Y" ■ However, in the first and the third 
sum in (12.551) Y’ denotes summation restricted to the cubes whose parents are contained in cubes 
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of the first stopping time and denotes summation restricted to the cubes whose parents are 
not contained in any cube of the first stopping time. 

Then we write for each 1 < j < n 


fi t -s = fj 1 S+ E h ls ' 

S'?S,W=S 

and expand the multilinear form correspondingly. Any term in the expansion which has a fj 1 s' 
for some j can be estimated by the decay condition m so that we obtain for the penultimate 
display the upper bound 


E As([/i] s 6 Ti Q Sifc ,g) +C ^2 




sesns 4 


sesns 4 j =i 

j^k+i 


Here we have estimated the first term using testing condition E! with the data r, Q s . 

To estimate the second and third sum in (12.5511 we add and subtract Ns&r,Q s ,fc- The sums 
involving [h]sb T ^ Q Sl fc can be estimated in the same way as the first sum in (12.5511 . The sums 
involving NsNsNs' — [h]s&r,Q s ,fc are estimated similarly to the case in (12.501) . The cubes in S 4 
are not pairwise disjoint, but they have bounded overlap since they are not contained in any cube 
of S 5 by construction. Similarly the cubes in S 4 have bounded overlap. This completes the proof 
of (12.391) . We are thus reduced to showing (12.401) . 


2.5. The main estimate. For a dyadic cube T C R define the number ipx by 

[ fl]r = <pt [u\t 

provided [u]t 7 ^ 0. If [u)t = 0, then necessarily T is contained in a stopping cube P of the first 
stopping time and g is a multiple of u on T so that we may define the number ipx by 


Qt = <Ptut, 


and ipT = 0 if it vanishes on T. If T is not contained in a stopping cube P of the first stopping 
time, then we obtain an estimate for ipx by expanding g as in (12.121) and noting that for stopping 
time cubes P of P which intersect T and therefore are strictly contained in T the sum of terms in 
the expansion of g relating to P has vanishing mean on T : 


< c 

[9\t 

+ C 

lg\n 


[u\t 


Nr 


<C\Q\ 


-1 /<? 


<?■ 


If T is contained in a stopping cube P of the first stopping time, then those terms in (12.121) which 
are not multiple of u cancel and we have in case P £ P \ P4 


Wt\ < y Q i + 



E 

PTP 4 UP 4 :TCP' 



<C |Q|- 1/9 


?■ 


Similarly we argue if P € P D P4. 

Analoguously for a dyadic cube T C R we define the number ipT by 


[1 )]t = iPt[v\t 

if [u]r ^ 0 and by 

I]t = 

if [u]r = 0 with the additional provision i/jt = 0 if vt = 0. Similarly as for ipx above we conclude 

hM < qi?r 1/r HMr- 
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Let N be an integer such that the integral kernel of A is constant on all dyadic cubes of length 
2 ~ n £(R), where i(R) denotes the side-length of the cube R. It is no harm to assume all other 
functions involved are also constant on dyadic cubes of side-length 2 ~ N £(R), this can be seen by 
appropriate limiting process as N —> oo, none of the estimates below will depend on the specific 
choices of N. We write the left-hand side of (12.4011 as 


(2.56) 


Y A r(4>tvt,‘P u'uu) = Y, A-r(4’tvt,‘Puuu) 

\T\,\U\=2~ N i(R) \T\,\U\=2 1 ~ N e(R) 


Y, Ar(iPtVt— ^ 1pT> 


|T|,|U|=2 1 - JV <!(R) 


V T ’,<PuUu 


Y. ^R\Y V T' t fU Uu ~ Y, 


VU’UU’ 


T’=T 


|T|,|U|=2 1 - iv ^(R) 


U‘=U 


+ Y, A r[4>tVt - Y, i’T'VT 1 , <PuUU - Y, VU'UU’ 

\T\,\U\=2 l ~ N i{R) T 7 =T W=U 

The function 

1 1>TVT — Yj i’T'VT' 

T>=T 

has vanishing mean and is supported on T. Hence the smoothness condition (El turns the second 
term in the telescoping sum into the diagonal sum 


Y ^ A r(^1>tVt — Y^ i’T'VT 1 , l PTUT^ ■ 


\T\=2 1 ~ N e(R) 


T'—T 


Similarly the third and fourth term of the telescoping expansion turn into diagonal sums. Now we 
iterate the above telescoping argument. Since 1) is supported on R and has integral zero, we may 
restrict the sum to cubes contained in R. We thus obtain for (12.561) 


(2.57) 


A r ( i / jrv , (p R u) 


(2.58) 


- Y a r(ytv t - Y 'ijjj,, yrp, 5 (pro'll j, 
TCi? T'—T 


(2.59) 


~ Y A r(^tvtiVtu t - Y (f>T' UT'^j 

TC.R Y'—T 


(2.60) 


Y, h.RypT v T - Yj 


VT' j (fT^T 


Y, ‘PT'UT'^j ■ 


The first term (12.571) is estimated by the testing assumption (11.91) for the data t, Q r and by the 
stopping time conditions using that R is not contained in a stopping time cube of the first stopping 
time. We obtain that 


M1>rv,<pru)\ <<?!! ||/,l fl || p . < ClRWQYHWf^. 

j =i j =i 


The other terms will be estimated in the next few sections. 
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2.6. The estimate for term (12.58[) . We write for (12.581) 

E A r(vt{iPtv t - 


TCR 


T'—T 


— Afl( ifTv(4>T^T ~ 

TCR rp/ = rp 

In the first step, we have moved the factor <py to the first entry by bilinearity, and we abandoned 
the factor ly in the second entry thanks to the smoothness condition HMD- 
Let us define 

9 P = It — 'y ' y/) 

t 7 =t 

and 

TCR 

Note that 6 has mean zero. By estimate (12.101) from the first stopping time we may estimate (12.58[) 
by 

CF{\R\/\Q\Y-^\Q\^\\6\\ r . 

It remains to show 

||0|| r <C|^| 1 A|Q|- 1 A-t/ ? || 5 || 9 ||/ l || j .. 

We may restrict the sum to those TCR not contained in a stopping cube of the second stopping 
time, since the contribution from cubes T contained in a stopping cube of the second stopping time 
vanishes due to the fact v9 T = 0. 

The set of such cubes we write as TUP, where P contains those cubes which are parents of 
stopping cubes of the second stopping time other than P 4 , and T contains all other cubes, which 
then are not contained in any stopping cube or parent in P of any stopping cube of the second 
stopping time other than P 4 . 

Let Pfl be the partition of R consisting of all stopping cubes of the second stopping time, all 
of which have length at least 2 ~ N £(R), and the collection of cubes of side-length 2 t(R) not 
contained in any of the stopping cubes of the second stopping time. 

Let v be such that for every P g P# the function v is constant on P and 


L-L 


Then v C L°° and 

\R\\\v\\oo < CIMI; 

by the second stopping time construction. Now splitting the norm according to the partition P# 
we have 


M r r= V O' 


= E 

-pep*' 


J2_° T \ r < c E iMioo J | Y,_ 01 

Tc TUP PCPr P TgTuP 


TeTuP 

We estimate the contributions of T and P separately. We have 

I! ^ 9 T < |f?| 1 / r || ^2 0 T < C\R\ l ^ r sup \<pt\ sup \ijj-j 


TCP 


TCP 

<C'|fll 1 /r|Q|- 1 /r-l/,|| fl || 9 ] 

This is the desired estimate for the P-portion of the sum. 


TCR 


TCR 
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Now let v be such that for every P G Pr the function v is constant on P and 

[v]p = [v]p. 

Then v G L°° and 

I^III^IISo < c'IMI- 

by the stopping time construction. Observe that 




Mr /Mr 


Te t 




Mi 


TeT l«J T \ [V\ T T [V\T- 


-1 T' ) ■ 


We expand 
(2.61) 


Mr Mr' _ Mr - Mr» . Mr'(Mr'- Mr) 


[v\t [rj r' [v\t [vjrl'yjr 

Then for any function w G L r such that |M||r' — 1 one has 

[fl]r ( Mr., _ Mr 


(2.62) 


V" LBJr / L'ljr t 
Z^ r„m 1 U,]„ T Z^ 


TeT i“lrV[% 


It' w 


E 


Mr / Mr 




Mi 


TgT NrVMr l«lr' 


-It' )0 


[w]r 


E 


M]r' 


ut Zr^ Mr' 

T'—T 


1 T‘ 


< 


OUgllqlQI ^ ) ^A^f)Ayw + ExwA.t\)/\tv + Et^/\rvA.tw + ErI)Etw(Atv) 2 ^J |T|, 


tcr 


where 


(2.63) 


Erf— |[/]r| and A T / — ^|T| 1 ^ |[/]r'- [/]r| 2 M'|j 


1/2 


T'—T 


Applying Lemma 12.711 we conclude in view of (12.621) that 

| E ° T ^ C\\g\\ q \Q\- 1 ,q m\r < C\Q\-^-^\R\^\\g\\ q 


reT 


This is the desired estimate for the T-portion of the sum. 


2.7. Estimate of the term (12,591) . This term is analoguous to the term (12.581) . 

2.8. Estimate of the term (12.601) . We consider (12.601) . We may assume that the sum runs only 
over those cubes T which are not contained in any stopping cube of either of the stopping times, 
or else one of the entry functions vanishes. 

Let R be the set of all maximal cubes from P U S. Let Sr be the partition of R consisting of 
all stopping cubes from R, all of which have length at least 2 ~ N £(R), and the collection of cubes 
of side-length 2 ~ N £(R) not contained in any of the stopping cubes from R. Let u be the function 
such that for every P G Sr the function u is constant on P and 

[u] P = [u] P . 

Then u G L°° and |R|||«||?o < C||u_r||^ < C\R\ IQM 1 ||u||q- Analogously, let v be the function such 
that for every P G Sr the function v is constant on P and 

Mr = Mr- 

Then v G L°° and |-R||Mloo Z C|Mlr- 
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We may replace the form Ar by At for fixed T by using m- We then expand (12.601) by writing 
each cube T as union over its 2 d children and apply this in each component, so that we obtain 

(2.64) EEE-E IA HW’T ^ lf’T k )v Tk ,(‘pT - VT k+1 )u Tlc+1 ) | 

TCRj ; 1 —tT 2—T T n —T 

here the j -th entry for j ^ k, k + 1 is fj^-Tj , while the k -th and k + 1 -th entry are explicitly given. 

We split this sum into the off-diagonal terms, that is the terms for which Tj ^ Tj for at least 
one pair (j, i) and the remaining 2 d diagonal terms. The off diagonal terms are estimated via the 
decay assumption ( 11 . 11 ) by 


C\4>t - 4>T k \\\vT k \\rWT - ( PT k+1 \\\u Tk+1 \\q II II/AtI 

j^k,k+ 1 

< CF^t - ip Tk \\(p T - <PT k+1 \\T\\Q\- 1+1/q+1/r . 
Observe now that by (12.611) we have 

(2.65) £ _£_£ IV't - ipr k \\<P t ~ <Pr k+ i\\T\ 

TCRT k =TT k + 1 =T 


Pj- 


< 


C\R\l-l/ q -l/r J £ ( y- |V>T-V>T'| 2 |T'|) 1/2 ( Y, I^T-^T'| 2 |T , |) 1 / Vr 1 | J Rr 1 + 1 / 9 + 1 /r lT. 


TC.R T'—T T'—T 

Let s = qr/(q + r) and note that the last integral can be controlled from above by 


E ( E I^t - ipT’\ 2 \T'\\ ( E kr - l PT'\ 2 \T l \) E t w 

W^Wls' — 1 u TC-R "T’—T T'=T 

which in turn can be estimated by 

sup N l/A t^AtQ-\- EtqAt^Atu-\- Et^Atv F Et^EtqAtv/Atu\\T\Etw . 

„ii . V / 


1/2 


sup 


The diagonal terms are parameterized by T' with T' = T. We may replace At by A t> since 
all entry functions are supported on T'. We estimate diagonal terms via adding and subtracting a 
term involving the function b T ,Q T ,y. 

(2.66) (ip T ~ipT')(<PT ~ <Pt')A T ’(v,u) 

= (V*T — V’T'XV’T — ‘PT')A-T'{[v]T'b T ,Q T ,,k, u ) 

+ {tpT — IpT’){<PT — FT')At'{v — [v\T'b Tt Q T , t k,u). 

The first term on the right-hand side of (12.661) is estimated via the testing assumption for b T , q 

by 

< C\tp T ~ IpT'WVT ~ <PT'\\[v]T’\\\b T ,Q T ,,k\\r\\uT'\\q Wfj^T'Wpj 

j^k,k +1 

< CF\,p T - iPt>\\FT - VT’\\T\\Q\- 1+1/<1+1/r . 

The second term on the right-hand side of (12.661) is estimated via the stopping time condition 
(12.101) applied to the cube T: 

< CF\ip T - iPt'Wvt - ^T'KITI/IQI) 1-1 /' ||u - [v] T 'b T 'Q T/tk \\ r \\u\\ q 

< CF\ip T - ih>\\<PT - VT'\\T\\Q\- 1+1/<1+1/r . 

Observe again that by (12.611) we have 

(2.67) Y, E IV’t - IpT'WVT - Vt'\\T\ 

TC.R T'—T 
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i-Ri 1 l//g 1/7 f Y, ( Y, kv’t - V’tOIt'I) ( Y1 k^t - i-Ri l/9+l/r i ijj. 

^ 'T'/' - D T=TT ^ TTTT m 


TC.R T'=T 
The last integral can be controlled by 


T'—T 


sup ^2 (ivt- tM 2 i T 'i) 7 ( i^t - <pt'| 2 it i, i) 1 e t w 


. 1/2 


ll i «'< 1 7’C.R 't 7 =T 


T'—T 


which in turns can be dominated by 

C sup \ + F/rgArf) Ayw + F/ 7 ’f)A 7 ’ , 0 A 7 ’g + Ex^ExQXj'iiXxu ) -E'r'u;|T , | ■ 

lit.,ii . V / 


Collecting the estimates from (12.651) and (12.671) and applying Lemma f2.721 we can dominate (12.641) 
by 

<CF(|ii|/|Q|) 1 -^-V n | [ , fl || r || 0fl || ? ||^|| oo || {)iJ || oo 

<CF|i?||Q|- 1 || ff || 9 ||/ l || r . 

This completes the estimation of (12.601) . 


2.9. Two standard lemmas via outer measures. This section contains two standard estimates 
for martingale sums and differences. Our purpose will be to reprove these estimates using outer 
measures techniques, the use of these outer measure techniques in the context of L p estimates in 
harmonic analysis has been initiated in [7]. We present only as much of the material from [7] as 
necessary to illustrate our proofs, for more details we refer to |7j. 

Let X be the subset of the set V of all dyadic cubes in consisting of all dyadic cubes of 
sidelength at least 2 -Ar for suitably large N and contained in a large compact set of depending 
on the truncation parameters of the form A. All that follows will concern the collection X. For 
a dyadic cube T let V(T) denote the set of all dyadic cubes T' C T. As in [7] let p, be the outer 
measure on X generated by the function 

k(V(T)) = \T\. 


To define the outer measure spaces we have to introduce the so-called size functions. Namely, for 
any p £ [ 1, oo) and a function F on T> we define 

S P {F)(V(T)) := (IT)" 1 Y, \F(Q)\ P \Q\) 1/P 

Q&V(T) 


and for p = oo we set 

S^Fmr)) := sup \F(Q)\. 

QeT>(T) 

For the size function S, which is one of the functions S p or we define the space L°°(X, k, S) 
which consists of all functions F on X such that 


IIUIl°°(a>,s) : = sup \S(F)(V(T))\ < oo. 

TeD 

In order to define the L' P (X. re, S ) spaces we need to introduce the superlevel measure /i as 

p(S(F) > A) := inf {p(G) ■ Q C V and S{F\ v \g) < A}; 

this specific definition is the crux of the matter of the theory developed in [7]. Then L P (X, re, S) is 
the set of all functions F such that 

/ roo \ i/p 

IIUU^.S) := [p J o A p -V(5(T) > X)dXj < oo. 
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Moreover the weak L P,00 (X, k, S) is the set of all functions F such that 

: = (supA p p(S(F) > A)) /P < oo. 
v A>0 ' 

For a dyadic cube T and a function / on R d define 

E(f)(T) = E T f := \[f] T \ , and A(/)(T) = A T f := (l^l " 1 E | [f] T , - [f ) T | 2 |T'|) V2 . 

t 7 =t 

We now prove the following discrete version of Carleson’s embedding theorem. 


Theorem 2.68. Let p £ [l,oo] then there exists a constant C > 0 such that for every function 
f £ L p we have 

(2-69) \\E(f)\\ LP{XM <C\\f\\ LP 

and 

(2-70) ||A(/)|| L p (W2) <C\\f\\ LP . 


Proof. In view of the Marcinkiewicz interpolation theorem for the outer measure spaces [7j it 
suffices to prove estimates (12.691) and (12.701) for p = 1 and p = oo. For the proof of (12.691) note that 


P(/)||t«'(x > «,s 00 ) = sup sup \E Q f\ < II/IU-. 
Tex>Qer>(T) 


For p = 1 fix / £ L 1 and let F be the set of all maximal cubes Q such that [|/|]q > A, then by 
the maximality of the cubes Q we see that 


E M< 


ll/lll 


A 


This immediately implies that 

niSMf)) > A) < p(G) < E \Q\ < ^ 

Qe.F 

since S 00 (E(f)t T )\g) < A, where Q = Uq<=.e 7?((2). This completes the proof of (12.691) for p = 1 . 
For the proof of (12.701) for p = oo it is easy to see that 


S 2 (A(f))(V(T)) 2 = \T\~ 1 E E I[/]q—[/]q| 2 |Q'I 

Q£V(T)qT=q 


= m- 1 E / | E ([/]«'-[/]<3)v| 2 < irr 1 / i/i 2 

QGV(T) J Q q 7 =q jT 


< 


Ill- 


In the case p = 1 we perform the Calderon-Zygmund decomposition at a height A > 0. Let 

b = 




be a bad function and let g = f — b be a good function. We see that [ 6 ]q = 0 for every Q £ F and 
I 111 11 oo < 2 d A. Finally, we obtain that 


p(S 2 (A(/)) > 2 d A) < p(G) < E IQI < ^ 

Qer 

since S , 2 (A(/)lx>\g) = S 2 (A(g)lx>\g) < 2 d X. This completes the proof of the theorem. □ 

These are norm estimates for the martingale average and the martingale difference of / on T. 
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Lemma 2.71. Let f± £ L p and fi £ L p with 1 < p < oo and fs £ L°° such that H/3H00 < 1. 
Assume we are given coefficients cut such that for every dyadic cube T C R we have 

Wt\ < C^At/iAt / 2 + £t/ 2 At/iAt /3 + St/iAt/sAt^ + -Et/i-Et/ 2 (At/ 3) 2 ) \T\. 

Then there exists a constant C > 0 such that 

Y \ a ?\ ^ C'II/iI-rIIpII^i^IIp'- 

TCR 

Proof. By the Holder’s inequality for the outer measure spaces [7j we see that 

A T /iA T / 2 |T| < ||At/ 1 ||tp ( A',k,S 2 )I|At/2|| 

Lp'(X,k,S 2 )’ 

TCR 

Y E T fiA T f 3 A T f 2 \T\ < \\E T f 1 \\ L p(x, K ,s^)\\ATf2\\ L p'( < x, K ,S2)\\^ T f 3 \\L (X (x,K,,s 2 ) 

TCR 

In a similar way we proceed with Erfi At/sAt /2 and Et fiEr / 2 (At/s) 2 ■ Finally, applying 
Theorem 12.681 we obtain the desired bounds. □ 

Lemma 2.72. Let f\ £ L p , / 2 £ L 9 , /3 £ I/p9/(p+9)) with 1 < p, q < 00 and let f'4. fa £ L°° be 
such that H/4II00 < 1, H/5II00 < 1. Assume we are given coefficients ar such that for every dyadic 
cube T C R we have 

\olt\ < C^At/2At/i +£t/iAt/2At/5 + Bt^At/iAt/i + -Et/2-Et/iAt/4At/5)-E't/3|^|- 

Then 

Y l aT l - ll/i 1 fllU p ll/2 :ll RllL‘'ll/3ljt|| L(P9/(p+q))' • 

TCR 

The proof of this lemma is similar to the proof of the previous lemma. 
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